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bstract

trength is widely used as a design criterion to characterize the mechanical limits of brittle materials. However, depending on the flaw size
istribution, measured strength values show considerable scatter. Statistically this spread can be represented for a specific specimen dimension

sing Weibull statistics with the characteristic strength, Weibull modulus and threshold strength. A comparison of three- and two-parameter
eibull approaches is exemplified using fracture stress results of thin bi-layer ceramic bending specimens taken from solid oxide fuel cell (SOFC)

omponents. Considering statistical parameters and the flaw size limiting thickness of the substrate layer in a SOFC, the three-parameter Weibull
tatistics is demonstrated to be more appropriate for the fracture characterization of thin ceramic components.

2007 Elsevier Ltd. All rights reserved.
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. Introduction

Ceramic materials find widespread application as struc-
ural and more importantly as functional layers in composite
omponents.1 However, ceramic materials exhibit brittle behav-
or and thus thermo-mechanical aspects provide a permanent
isk for mechanical integrity and reliability, since the frac-
ure stress of brittle materials usually displays considerable
catter that depends on the defect size distribution. Failure char-
cterization typically relies on statistical approaches. Weibull
tatistics are used widely to describe the brittle fracture behav-
or analytically.2,3 Based on the “weakest-link hypothesis” it
s assumed that the most serious flaw controls the strength.4,5

n general, the critical parameters for predicting the fracture
ehaviour are the specific component dimensions, characteris-
ic strength, Weibull modulus and threshold strength, although
ften failure of large scale ceramic specimens is described with
wo-parameter Weibull statistics comprising of characteristic
trength and Weibull modulus. The introduction of a thresh-
ld stress appears to be especially reasonable for thin ceramic

omponents, where the maximum defect size is limited by the
pecimen dimensions. In order to exemplify the failure char-
cterization potential of the two- and three-parameter Weibull
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elationships, fracture test results of specimens taken from thin
lanar solid oxide fuel cells (SOFCs) are used.

The operation of SOFC components at relatively high temper-
tures (∼800 ◦C) and the need for thermal cycles in service make
he thermo-mechanical reliability of the applied brittle ceramic

aterials extremely important. In addition, the effect of scale-up
f cells and stacks has to be assessed with respect to mechanical
ehavior and failure probability of the SOFC components.

A planar SOFC cell consists basically of anode, electrolyte
nd cathode with additional interfacial functional layers.6 Since
he predominantly ceramic materials of the layers are rigidly
onded, differences in material properties result in residual
tresses which can facilitate component fracture. Such stresses
rise from manufacturing, i.e., intrinsic stresses due to co-firing
f the cells, from differences in thermal expansion and from
hermal/chemical gradients of diffusing species.7,8 Additional
tresses can be introduced by the final arrangement and fixa-
ion of the cells in the SOFC stack and by temperature gradients
ssociated with the actual heating and cooling conditions.

Although investigations of the mechanical properties of
OFC cells have been carried out9,10, the existence of a threshold
trength has not been investigated to date. Here, an investigation
sing biaxial testing of the strength of SOFC half-cells, consist-

ng of anode substrate (∼1 mm) and electrolyte (∼10 �m), is
resented. The analyses take into consideration the layered struc-
ure of the half-cells, in particular the effect of the electrolyte
ayer on stiffness and residual stresses. Statistical assessments

mailto:J.malzbender@fz-juelich.de
dx.doi.org/10.1016/j.jeurceramsoc.2007.05.017
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sing the two- and three-parameter Weibull distributions are
ompared. A theoretical limit of the threshold stress is estimated
nd compared to the experimental value. Implications for the
ailure probability prediction of large planar SOFC components
re discussed.

. Experimental

Planar SOFCs, fabricated as part of the activities of the R&D
uel cell project at the Forschungszentrum Jülich (FZJ), were
sed for the preparation of specimens for the mechanical tests.
alf-cells without cathode were assessed, since initial investi-
ations showed that the cathode, which possesses a very low
tiffness, influenced neither the residual stress nor the com-
osite stiffness significantly.10 The SOFC half-cells consisted
f a thick porous NiO–YSZ anode (∼1 mm) supporting an
node functional layer (∼5 �m) and a thin YSZ electrolyte
∼10 �m). From large half-cells ring-on-ring test specimens
∼24 mm × 24 mm × 1 mm) were machined by laser cutting.

The ring-on-ring bending tests were carried out in an Instron
362 testing machine following the European standard EN 1288-
. Load–displacement curves provided the raw data for the
trength determination of the half-cells. Elastic moduli of anode
97 GPa) and electrolyte (200 GPa) were obtained by depth sens-
ng indentation.11,12

The stress in an isotropic material resulting from ring-on-ring
esting can be calculated using linear bending theory13,17,15:

= 3P

2πt2

[
(1 + ν) ln

(
r2

r1

)
+ 1 − ν

2

(
r2

2 − r2
1

r2
3

)]
(1)

here P is the applied force, t the specimen thickness, v the
oisson ratio and r1, r2 and r3 are the radii of the load ring, sup-
orting ring and (circular) specimen, respectively. Since square
pecimens have been tested with the side length L, an equivalent
verage radius r3m was substituted for r3, which can be estimated
sing15,17 r3m = L(1 + √

2)/4 ≈ 0.6L. A similar relationship
uggested in Ref.13 changes the effective diameter by only
10%. Equations which permit a determination of the entire

tress field and deformed shape can be found in Ref.15.
Certain limitations for the use of the ring-on-ring test derived

n literature13,14 were considered. The linear theory is valid as
ong as the deflection of the specimen does not exceed a discrete
alue which depends on the ratio of the loading to supporting
ing and is ∼1/2 of the specimen thickness for a ratio of two and
3 for a ratio of five.15–17 In order to avoid non-linearities in the

oad-stress conversion related with large deflection the thickness

as to be t ≥
√

8σfr
2
1/3E, where E is the elastic modulus. Since

he largest measured fracture stress value was ∼85 MPa, the
alculated value t ≥ 460 �m was well below the thickness of the
pecimens (∼1 mm).

In the case of a layered composite the effect of the layered
rrangement on the residual stress, the neutral axis and flexural

igidity have to be considered.18 The half-cell specimens break
f the fracture stress of the anode is exceeded since the electrolyte
s under high compressive residual stress and failure before the
node breaks therefore unlikely.10,19 If the bending of the half-
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ell specimens is carried out with the free surface of the anode
suffix 1) under tension (compression − sign in the second part
f the nominator) a simplified solution with an error <3% for
he considered materials combination is represented by:

f =

3P((1 + ν) ln(r2/r1) + (1 − ν)/

2((r2
2 − r2

1)/r2
3)) ± 4(α2 − α1)t1t2E2πT

2πt2
1

(2)

here α is the thermal expansion coefficient, t the thickness and
is the temperature. The strength of SOFC half-cells has been

etermined using Eq. (2). The electrolyte will change the posi-
ion of the neutral bending axis, which results for the considered
eometry in a strength decrease of ∼1%, but it also increases
he stiffness of the composite by ∼3%. The main effect of the
lectrolyte is the residual stress induced in the anode. Based on
misfit in thermal expansion of 2 × 10−6 K−1 and a stress free

emperature of 1100 ◦C10, a resulting residual stress of −8 MPa
n the free surface of the anode was obtained, which has to be
dded to the strength values.

. Theory

According to the Weibull statistics4, the cumulative failure
robability P(σ) of a brittle material subjected to a stress σ is
iven by:

(σ) = 1 − exp

[
−
(

σ − σu

σ0

)m]
(3)

here σ0 is a normalization factor known as the characteristic
racture strength or scale parameter, σu the threshold stress or
ocation parameter, below which no failure will occur and m
s the Weibull modulus or shape parameter of the distribution,
eing a measure of strength diversity.

The characteristic strength corresponds to a failure probabil-
ty of 63.21% and is hence a weak criterion for assessing the
eliability of brittle materials. Only the knowledge of character-
stic strength, Weibull modulus and threshold strength permits a
omplete characterization of a material for a discrete specimen
imension and an estimation of the failure probability for a par-
icular stress level. Often σu is assumed to be zero in Eq. (3),
ielding the two-parameter relation.

The results obtained from both numerical simulations and
eal data have shown that, as long as sample data are lim-
ted in number (∼40) and the threshold stress is not too large
∼σu < 0.5σ0), a two-parameter Weibull distribution should be
referred.20,21 It has also been demonstrated that an underesti-
ation rather than an overestimation of the threshold stress is
ore likely, which is an advantage for failure predictions.22

However, it is important to emphasize that two- and three-
arameter Weibull distributions will lead to differences in the
stimated stress for a particular failure probability. Obviously,
uch differences can become even more significant if failure

tress predictions are extrapolated from small specimens to large
omponents. Depending on the location of failure initiation,
urface or volume defects, the ratio of characteristic fracture
trengths is related either to the ratio of stressed surface areas or
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Fig. 1. Weibull plot of ln(ln(1/(1–P)) vs. ln(σ/MPa). The lines are a fit of Eq.
(5) with σu = 0 (two-parameter Weibull distribution).
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olumes, via23:

σ0,G1 − σu

σ0,G2 − σu

)
=
(

G1

G2

)−1/m

(4)

here G can be either area (A) or volume (V). The statisti-
al parameters of the Weibull distribution are most frequently
ssessed using linear regression (LR) or the maximum likeli-
ood method (ML).24 Linear regression is a special case of
he least-squares method, taking twice the logarithm of Eq. (3),
ith the slope m and the y-intercept σ0. In the LR method the

tress values have to be ranked with respect to their individ-
al probability, where the most commonly used expression is24:
i(σ) = (i − 0.5)/N. The quality of the fit is usually assessed by

he uncertainty in the regression slope m. It has been recognized
hat the maximum likelihood method is more reliable; however,
he use of both distributions to analyze three-parameter Weibull
istributions is limited.

In the maximum likelihood method the parameters of the
eibull distribution are determined from the log-likelihood

unction24:

n L =
N∑

i=1

ln

{
m

σ0

(
σi − σu

σ0

)m−1

exp

[
−
(

σi − σu

σ0

)m]}

(5)

In the solution a threshold stress is chosen and the Weibull
odulus is obtained by iteration until convergence is obtained.22

For small specimen numbers the Weibull modulus needs to
e corrected. As an example a factor of 1 − 1.593145 N−1.046958

as been suggested.24 For the large specimen number (N = 180)
nalyzed here the factor takes a value of ∼0.993, changing the
eibull modulus by only ∼0.7%.
Various methods have been suggested to estimate the uncer-

ainty of the Weibull parameters. Here standard the deviation,
onfidence interval (also Bootstrap), coefficient of variance and
kaike information criterion (AIC) are used to asses the quality
f the fit (see Appendix A).

. Results and discussion

Linear regression and maximum likelihood methods were
sed to analyze 180 experimentally measured fracture stresses
f SOFC half-cell specimens, tested in a ring-on-ring setup. A

inear regression fit of the two- and three-parameter Weibull dis-
ribution to the data is shown in Figs. 1 and 2. Contrary to the
hree-parameter distribution which yields a threshold stress of

30 MPa, the two-parameter Weibull distribution shows signif-

l
i
c
a

able 1
esults of the linear regression (LR) and maximum likelihood method (ML) and frac

ethod σu (MPa) σ0 (MPa) m

R, 2-p. 0 62 ± 1 11 ± 1
R, 3-p. 27 ± 1 61 ± 1 4.7 ± 0
L, 2-p. 0 62 ± 1 10 ± 1
L, 3-p. 26 ± 1 61 ± 1 4.8 ± 0
ig. 2. Weibull plot of ln(ln(1/(1–P)) vs. ln(σ − σu/MPa). The lines are a fit of
q. (5) with σu = 27 MPa (three-parameter Weibull distribution).

cant deviation for the data at low fracture stresses. This implies
hat there are more failures than to be expected in this particular
tress range.

The characteristic strength and Weibull modulus as well as
he threshold strength for the two- and three-parameter Weibull
istribution are given in Table 1. As reported in literature23 the
hree-parameter distribution leads to a lower Weibull modulus
f fitted to the same set of experimental data.

In addition, the table contains the standard deviation of σu, σ0
nd m. The standard deviation of the fracture stress for a discrete
robability σf is a result of the combined standard deviation
n σu, σ0 and m. The standard deviation is compared to the

imits of the confidence intervals determined on the basis of the
ndustrial standard in Table 2. The use of the standard deviation
an only be considered as an approximation, since it assumes
symmetric distribution. The standard deviation implies that

ture stress σf for a failure probability of 10−3 and 10−6

σf (MPa) for P = 10−3 σf (MPa) for P = 10−6

33 ± 3 17 ± 3
.3 41 ± 2 30 ± 2

31 ± 3 16 ± 3
.4 40 ± 2 29 ± 2
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Table 2
A comparison of the standard deviation and confidence intervals for the results of the linear regression (LR) and maximum likelihood method (ML)

Method s(σ0) (MPa) s(m) Cu, Cl Du, Dl Cu, Cl/s(σ0) Du, Dl/s(m)

LR, 2-p. ±1 ±1 ±1 ±1 1 1
LR, 3-p. ±1 ±0.3 ±1 ±0.6 1 1/2
M
M
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L, 2-p. ±1 ±1 ±1
L, 3-p. ±1 ±0.4 ±2

68% of the data should be within this limit, ∼95% within
wice the limit. Comparing the 95% confidence interval with the
tandard deviation shows good agreement for the strength and
he two-parameter Weibull modulus.

The three-parameter bootstrap Weibull modulus confidence
nterval has been determined in addition to the confidence inter-
al based on the industrial standard. For 2000 re-sampled data
ets taken from the experimentally determined fracture strength
s outlined in the appendix, the bootstrap confidence interval
greed with a value of ±1 with the confidence interval based on
he industrial standard.

The confidence intervals based on the industrial standard are
isplayed along with the experimental data in Figs. 1 and 2. For
he two-parameter Weibull distribution the data at low stresses
ome close to the limit, whereas the data for the three-parameter
eibull distribution are all well within the limits set by the con-

dence interval. Also the standard deviation, which is lower for
he three-parameter distribution, reflects the smaller deviation of
ata to fit. As a theoretical limit of the coefficient of variation it
as been suggested32 that cv = 1.272/(m + 0.525). Comparing
his limit to the value obtained above results in a ratio of 0.9997
or the maximum likelihood results of three-parameter Weibull
istribution and 1.777 for the two-parameter distribution.

When comparing the two- with three-parameter description,
he latter should demonstrate a significantly better fit to justify
he additional parameter. The AIC is 624 for the two-parameter
nd 623 for the three-parameter distribution, if the charac-
eristic strength and Weibull modulus are determined on the
asis of the maximum likelihood method. The values are 626
nd 623 if linear regression is used to determine the strength
nd Weibull modulus. Hence the AIC is always higher for
he two-parameter distribution, supporting the validity of the
hree-parameter description. Hence, all uncertainty assessment
arameters suggest that the three-parameter Weibull distribution
s a better description of the experimental data.

Table 1 also contains fracture stress σf for a failure prob-
bility of 10−3 and 10−6. Note that, especially for a failure
robability 10−6, the use of a two-parameter distribution leads
o a significant underestimation of the critical stress, with severe
mplications for the proof testing of such thin ceramics compo-
ents.

The anode size in a SOFC stack is usually significantly larger
han the specimen size. Generally, a larger size results in a
ower characteristic strength described by Eq. (5). The strength

s determined here using a ring-on-ring test geometry. Hence,
t is necessary to determine the deformed volume in this test.
he effective volume can be determined from integration of the
tress over the entire specimen volume. Explicit solutions exist

a
t
i
t

±1 1 1
±0.8 1 1/2

or three- and four-point bending.25 The deformed volume in a
ing-on-ring test can be estimated by13

eff,specimen =
(

(2πr2
1)t

2(m + 1)

)(
1 + 44(1 + ν)

3(m + 1)

m + 5

m + 2

×
(

r2 − r1

2r1r3

)2 8r2
3(1+ν) + 4(r2 − r1)2(1−ν)

(3 + ν)(1 + 3ν)

)

(6)

For the considered loading geometry and Weibull moduli the
rror in using Eq. (6) is only ∼5%.13 Since using this relation-
hip a determination of the entire volume under tensile stress
s possible, hence not being specific anymore for the partic-
lar bending situation and eliminating the effect of the stress
radient during the test, the characteristic strength of an anode
n cell size (Veff,cell = length × width × thickness) can be deter-

ined from Eq. (6) in combination with Eq. (4). The fracture
tress for a failure probability of 10−6 for anode in cell size
100 mm × 100 mm) can also be calculated using Eq. (6) in com-
ination with the data given in Table 1. For the LR method a
alue of 9 MPa is obtained for the two-parameter distribution
nd 28 MPa for the three-parameter distribution. In the case of
he ML method the values are by 8 and 27 MPa, respectively.
his shows even larger fracture stress differences obtained for

arge cells in the case of two- and three-parameter distributions.
Additional information on the existence of a threshold stress

or thin components can be obtained from the fracture toughness.
he necessary criterion for fracture is that26:

IC = Fσ
√

πc (7)

here KIC is the fracture toughness, σ the applied stress and
the defect size. The function F is a function of the ratio of

efect size to specimen thickness/diameter and depends on the
oading situation. It is not far fetched to assume that as long as
o processing related cracks are induced the defects are related
o the structure of the material. The anodes are porous to permit
ydrogen gas to reach the electrolyte layer during high tem-
erature operation. The maximum size of pores is limited by
he thickness of the specimen. In the case of the bending of a
late 27,28 F = √

(1 + v)/
√

(3 + v), yielding for v = 0.3 a value
f F ∼ 0.63. In the estimate of the threshold stress an SOFC

node fracture toughness of 1.2 MPa m1/2 is used.29 Based on
hese data a threshold stress of ∼34 MPa is estimated, which
s in agreement with the threshold value determined from the
hree-parameter Weibull distribution.
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This threshold stress depends only on the thickness and
ill be the same for large cells in a SOFC stack. Note, how-

ver, that as mathematically described by Eq. (7) the threshold
tress in the tensile loading situation of a planar SOFC stack
s reduced by a factor of ∼1/0.63, yielding a value of only

21 MPa.
Similarly, the threshold strength of the electrolyte can be esti-

ated, since the maximum defect size is limited to the thickness
f the electrolyte. The fracture toughness, in this case, is given
y30:

IC = g(E1, E2)σ
√

t (8)

here g(E1, E2) is as function of E1 and E2, the elastic moduli
f electrolyte and anode, and t the thickness of the electrolyte.
or the considered material combination, g(E1, E2) takes a
alue of 0.43.30 In the calculation of the threshold stress a
OFC electrolyte fracture toughness of 2 MPa m1/2 is used.29

he threshold strength is then ∼370 MPa for a 10 �m elec-
rolyte and ∼520 MPa for a 5 �m electrolyte thickness. The
hreshold strength of the electrolyte will be further enhanced
y the residual stress which is approximately −560 MPa for a
0 �m electrolyte at RT and ∼280 MPa at a typical operation
emperature of 800 ◦C.19

. Conclusions

An investigation on the strength of SOFC half-cells has been
resented. The results of statistical analyses of the strength data
sing the two- and three-parameter Weibull distributions are
ompared. Various methods for assessing the uncertainty are pre-
ented and discussed with respect to the resulting strength data.
he fracture stress for failure probabilities and larger anode sizes
s typically used in SOFC stacks are estimated. Especially for
arge cells, fracture stress predictions based on two-parameter
istributions can underestimate the critical stress. A theoretically
stimated threshold stress for specimens of limited thickness
ompares well with the experimental value (∼30 MPa). A three-
arameter Weibull statistics appears to be more appropriate for
he fracture of thin ceramic components.
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ppendix A. Uncertainty assessment

The standard deviations of the strength s(σ0) and Weibull
odulus s(m) have been defined as31 s(σ0) = σ0/(m

√
N) and
(m) = m/
√

N.
The upper Cu and lower limit Cl of the confidence interval

or the characteristic strength can be determined via24: Cu =
σ0 − σu) exp[−tu/m] and Cl = (σ0 − σu) exp[−tl/m], where
ropean Ceramic Society 28 (2008) 247–252 251

u and tl are the upper and lower limiting factor for the confidence
nterval which depend on the confidence limit and the specimen
umber. Tabulated values and formulas are available24. For the
onsidered specimen number and a confidence level of 95% the
alues are tu ∼ −0.178 and tl ∼ 0.183.

For the Weibull modulus the respective formula for the upper
nd lower limit are Du = m/lu and Dl = m/ll, where lu and ll are
he upper and lower limiting factor for the confidence interval
hich depend again on the confidence limit and the specimen
umber. Again, tabulated values and formulas are available. For
he considered specimen number and a confidence level of 95%
he values are lu ∼ 0.879 and ll ∼ 1.134.

As an alternative method for determining the confidence
nterval, a bootstrap re-sampling procedure can be used, which
llows the empirical distribution function to be obtained from
andom sampling. Bootstrap confidence intervals are obtained in
he following way: a bootstrap sample is obtained by randomly
ampling, N times (here 180), with replacement, from the orig-
nal data. The procedure is repeated K times (here 2000) and
large number of independent bootstrap samples are obtained.
ach bootstrap sample is analysed using Weibull statistics and

he confidence interval is obtained from the resulting character-
stic strength values of the bootstrap samples.

Another model to assess the width of the strength distribu-
ion is the coefficient of variance, which is generally defined

s32: cv =
[
1/N

(∑N
i=1{(σi − σ̄)2}

)]1/2
, where the mean of

he distribution is σ̄ = σ0Γ
[
1 + (1/m)

]
, here Γ is the gamma

unction. Note, although coefficient of variance and standard
eviation are generally linked this is not the case with the defi-
ition used in Section 4.

It is easier to fit a data set using a complex model with more
arameters than a simple one with only few parameters. The
kaike information criterion (AIC) 33,34,20,22 represents a useful
euristic measure to compensate the additional parameters. The
IC can be used to assess the distance between the true and

stimated distributions, and is defined as: AIC = −2(ln L̂ − k),
here (ln L̂) is the maximum log-likelihood of a given model

nd k is the number of fitting parameters. A confidence level
ifferences of ∼5% corresponds to differences in AIC values of
round 1.5–2.20 The three-parameter Weibull distribution should
emonstrate a significantly better fit to justify the additional
arameter.
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